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Introduction

m Revisiting the theory of infinite loop spaces.

m Recall some classic results and place them inside of a
modern framework.

m |dentify the edge our understanding and some questions
that lie beyond that edge.
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Infinite Loop Space Theory

Infinite Loop Spaces

An infinite loop space X = Xp, is a sequence {X;},., based
spaces with homeomorphisms

firt : QX1 == Topu(S", Xit1) — X
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Infinite Loop Space Theory

Infinite Loop Spaces

An infinite loop space X = Xp, is a sequence {X;},., based
spaces with homeomorphisms

firt : QX1 == Topu(S", Xit1) — X

m Implicit abuse of notation.
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Infinite Loop Space Theory

Example

BU admits two different infinite loop space structures.

Example (BU?)
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Infinite Loop Space Theory

Example

BU admits two different infinite loop space structures.

Example (BU?)

The first, BU®, satisfies:
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Infinite Loop Space Theory

Example

BU admits two different infinite loop space structures.

Example (BU?)

The first, BU®, satisfies:

7o Top(X, BU®) =~ K°(X)
= {[V] - [W]]| V, W vector bundles over X
w/ dim(V) = dim(W)}/ ~ .

Group under direct sum.
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Infinite Loop Space Theory
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Example (BU®)

The second infinite loop space structure, BU®, satisfies:
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Infinite Loop Space Theory

Example Il

Example (BU®)

The second infinite loop space structure, BU®, satisfies:

7o Top(X, BU®) = {[V] — [W] | V, W vector bundles over X
w/ dim(V) = dim(W) +1}/ ~.
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Infinite Loop Space Theory

Example Il

Example (BU®)

The second infinite loop space structure, BU®, satisfies:

7o Top(X, BU®) = {[V] — [W] | V, W vector bundles over X
w/ dim(V) = dim(W) +1}/ ~.

Group under tensor product using distributivity:

(V4] = W) @ ([Va] — [We]) = [(V1 & Vo) & (W; @ We)]
—[(Vi @ Wo) @ (Vo © W)].

Justin Noel

On the Morava K-Theory of Some Infinite Loop Spaces



Infinite Loop Space Theory

Equivalence of Categories

m Infinite loop spaces naturally appear in the image of the
functor
Q% : Spectra — Top.
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Infinite Loop Space Theory

Equivalence of Categories

m Infinite loop spaces naturally appear in the image of the
functor
Q% : Spectra — Top.

m This functor restricts to a suitable equivalence of
categories

Q> : hoSpectra-oy — holnfLoop.

m So, if E and F are connective spectra, E°F can be
identified with homotopy classes of infinite loop maps
[Q>°E, Q>F].
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Infinite Loop Space Theory

Equivalence of Categories

m Infinite loop spaces naturally appear in the image of the
functor
Q% : Spectra — Top.
m This functor restricts to a suitable equivalence of
categories

Q> : hoSpectra-oy — holnfLoop.

m So, if E and F are connective spectra, E°F can be
identified with homotopy classes of infinite loop maps
[Q>°E, Q>F].

m The two-sided bar construction provides an inverse functor
for this equivalence:

B(x*>, Qx> —) : InfLoop — Spectra.
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Infinite Loop Space Theory

Adjunction between spaces and spectra

m There is an adjunction

> Top, = Spectra: Q°°.
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Infinite Loop Space Theory

Adjunction between spaces and spectra

m There is an adjunction
> Top, = Spectra: Q°°.

m This adjunction defines a monad Q = Qx> whose
algebras are infinite loop spaces.
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Infinite Loop Space Theory

Adjunction between spaces and spectra

m There is an adjunction
> Top, = Spectra: Q°°.

m This adjunction defines a monad Q = Qx> whose
algebras are infinite loop spaces.

m The evaluation natural transformation
€:1X®°0Q*® = Id

and the unit map
e:ld— QL™

define the Q-algebra structure on Q> E.
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Infinite Loop Space Theory

Two-Sided Bar Construction

m More explicitly:

QOFE = QXY>O®E 27¢, xF
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Infinite Loop Space Theory

Two-Sided Bar Construction

m More explicitly:
QQ®E = Q°r>Q>E 27¢, QxF
m These maps can be used to construct a simplicial spectrum

B.(X®, Q, 0°E).
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Infinite Loop Space Theory

Two-Sided Bar Construction

m More explicitly:
QQ¥E = Q°r>Q*E 225 QFF
m These maps can be used to construct a simplicial spectrum
B.(X*,Q,QE).
m Here B,(X>°, Q,Q*°E) is the suspension spectrum

Y*Q"Q”E.
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Infinite Loop Space Theory

Q-algebras vs. E, -spaces

m The above definitions are a bit too rigid.
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Q-algebras vs. E, -spaces

m The above definitions are a bit too rigid.

m The only Q-algebras we are likely to find will be those
constructed from a spectrum.
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Infinite Loop Space Theory

Q-algebras vs. E, -spaces

m The above definitions are a bit too rigid.

m The only Q-algebras we are likely to find will be those
constructed from a spectrum.

m Alternatively, we can consider E., spaces.
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Infinite Loop Space Theory

E..-spaces

m Let X be a based space.
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Infinite Loop Space Theory

E..-spaces

m Let X be a based space.

m Define
PX = \/ ESnxz, X"/ ~ .

n>0
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Infinite Loop Space Theory

E..-spaces

m Let X be a based space.

m Define
PX = \/ ESnxz, X"/ ~ .

n>0

m P is a monad whose algebras are E., spaces.
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The State of the Art Then

Questions

When does a space have a unique infinite loop space
structure?
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The State of the Art Then

Questions

When does a space have a unique infinite loop space
structure?

When is the map
Q®: [E,F] — [Q®E,Q*F]

an injection?
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The State of the Art Then

Questions

When does a space have a unique infinite loop space
structure?

When is the map
Q®: [E,F] — [Q®E,Q*F]

an injection?
When can we identify the image of the above map with
those maps that commute with transfer homomorphisms?
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The State of the Art Then

Answer 1: Then

The following spaces admit a unique infinite loop space
structure:

m BSUp.
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The State of the Art Then

Answer 1: Then

The following spaces admit a unique infinite loop space
structure:

m BSUp.
m BSOp.
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The State of the Art Then

Answer 1: Then

The following spaces admit a unique infinite loop space
structure:

m BSUp.
m BSOp.

m For future reference note that bso = P->KO and
bsu = P24KU
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The State of the Art Then

Answer 1: Then

The following spaces admit a unique infinite loop space
structure:

m BSUp.

m BSOp.

m For future reference note that bso = P->KO and
bsu = PZ4KU.

m Note Ly 1)KO = KOp and Lk(1)KU = KUp. So these
spaces are connected covers of K(n)-local spectra.

Justin Noel

On the Morava K-Theory of Some Infinite Loop Spaces



The State of the Art Then

Answer 2: Then

The map
Q> [E,F] — [QE,Q°°F]

is an injection when:
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The State of the Art Then

Answer 2: Then

The map
Q> [E,F] — [QE,Q°°F]

is an injection when:

E = F is an i-connected cover of p-complete real or complex
K-theory.
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The State of the Art Then

Answer 3: Then

We can identify the image of
Q> [E,F] — [Q¥E,Q*F]

with those maps commuting with transfers when:

Justin Noel

On the Morava K-Theory of Some Infinite Loop Spaces



The State of the Art Then

Answer 3: Then

We can identify the image of
Q> [E,F] — [Q¥E,Q*F]

with those maps commuting with transfers when: E = Fis an
i-connected cover of p-complete real or complex K-theory.
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The State of the Art Then

Why these spaces?

m What makes these spaces so special?
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The State of the Art Then

Why these spaces?

m What makes these spaces so special?
m They all arise as connected covers of K(1)-local spectra.
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The State of the Art Then

Why these spaces?

m What makes these spaces so special?
m They all arise as connected covers of K(1)-local spectra.

m One might conjecture that similar results hold for
K(n)-local spectra.
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The State of the Art Now

The Bousfield-Kuhn Functor

m There are functors ¢, : Top. — Lt Spectra.
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The State of the Art Now

The Bousfield-Kuhn Functor

m There are functors ¢, : Top. — Lt Spectra.
m T(n) = F[v;'], where F is some type n finite spectrum.
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The State of the Art Now

The Bousfield-Kuhn Functor

m There are functors ¢, : Top. — Lt Spectra.

m T(n) = F[v;'], where F is some type n finite spectrum.
| Satlsfylng LK(n) = LK(n)(ﬁnQOO.
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The State of the Art Now

Answer 1: Now

A space Q*°E admits a unique infinite loop space structure if:
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The State of the Art Now

Answer 1: Now

A space Q*°E admits a unique infinite loop space structure if:
Q> E is T(n— 1)-acyclic and suitably connected.
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The State of the Art Now

Answer 1: Now

A space Q*°E admits a unique infinite loop space structure if:
Q> E is T(n— 1)-acyclic and suitably connected.
Q> E can be constructed from finite type n spaces.
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The State of the Art Now

Answer 2: Now

The map
Q> [E,F] — [QE,Q°°F]

is an injection when:
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The State of the Art Now

Answer 2: Now

The map
Q> [E,F] — [QE,Q°°F]

is an injection when:
F is K(n)-local and some spectral sequences converge.
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The State of the Art Now

Answer 3: Now

The image of
Q> [E,F] — [Q¥E,Q*F]

consists of those maps which commute with transfer when:
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The State of the Art Now

Answer 3: Now

The image of
Q> [E,F] — [Q¥E,Q*F]

consists of those maps which commute with transfer when:
Fis K(n)-local and Q> E is K(n— 1)-acyclicand n+ 2
connected.
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The State of the Art Now

Answer 3: Now

The image of
Q> [E,F] — [Q¥E,Q*F]

consists of those maps which commute with transfer when:
Fis K(n)-local and Q> E is K(n— 1)-acyclicand n+ 2
connected. Board.
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The State of the Art Now

K(n)-homology of Eilenberg-MacLane spaces

Theorem (Ravenel-Wilson)

Forj> n, K(n).(Z/p',)) is trivial.
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Theorem (Ravenel-Wilson)

Forj> n, K(n).(Z/p',)) is trivial.
Forj>n+1, K(n).(Z,j) is trivial.

Justin Noel

On the Morava K-Theory of Some Infinite Loop Spaces



The State of the Art Now

K(n)-homology of Eilenberg-MacLane spaces

Theorem (Ravenel-Wilson)
Forj > n, K(n).(Z/p',)) is trivial.
Forj>n+1, K(n).(Z,j) is trivial.

There is an elegant description of K(n).K(Z/p',j) for positive i
and0<j<n
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The State of the Art Now

K(n)-homology of Eilenberg-MacLane spaces

Theorem (Ravenel-Wilson)
Forj > n, K(n).(Z/p',)) is trivial.
Forj>n+1, K(n).(Z,j) is trivial.

There is an elegant description of K(n).K(Z/p',j) for positive i
and0<j<n

Corollary

Eilenberg-Maclane spectra are (strongly) K(n)-acyclic.
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The State of the Art Now

Localization Cofiber Sequence

m Fix a prime p and assume F is a spectrum.
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The State of the Art Now

Localization Cofiber Sequence

m Fix a prime p and assume F is a spectrum.

m Set L, 1F = Lgy—1)F or, equivalently, Boustfield
localization with respect to the homology theory

n—1
\/ K(i).
i=0
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The State of the Art Now

Localization Cofiber Sequence

m Fix a prime p and assume F is a spectrum.

m Set L, 1F = Lgy—1)F or, equivalently, Boustfield
localization with respect to the homology theory

n—1
\/ K(i).
i=0

m Define C,F to be the fiber

CoF — F — L, _+F.
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The State of the Art Now

Localization Cofiber Sequence

m Fix a prime p and assume F is a spectrum.

m Set L, 1F = Lgy—1)F or, equivalently, Boustfield
localization with respect to the homology theory

n—1
\/ K(i).
i=0

m Define C,F to be the fiber

CoF — F — L, _+F.

m We have E(n—1).CpF = 0= K(n).L,—1F.
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The State of the Art Now

K (n)-equivalences of spectra vs. spaces

m We can chain together the above results and get the
following diagram:

P2n+1 CnE — CnE — E
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The State of the Art Now

K (n)-equivalences of spectra vs. spaces

m We can chain together the above results and get the
following diagram:

P2n+1 CnE — CnE — E

m Each horizontal arrow is a K(n)-equivalence of spectra.

Justin Noel

On the Morava K-Theory of Some Infinite Loop Spaces



The State of the Art Now

K (n)-equivalences of spectra vs. spaces

m We can chain together the above results and get the
following diagram:

P2n+1 CnE — CnE — E

m Each horizontal arrow is a K(n)-equivalence of spectra.

m In general, these maps do not induce K(n)-equivalences
after applying Q.
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The State of the Art Now

K(n)-homology of Eilenberg-MacLane spaces Il

Theorem (Ravenel-Wilson)

There is an elegant, although non-trivial, description of
K(n).K(Z,j) for0 <j<n+1.
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K(n)-homology of Eilenberg-MacLane spaces Il

Theorem (Ravenel-Wilson)

There is an elegant, although non-trivial, description of
K(n).K(Z,j) for0 <j<n+1.

There is an elegant, although non-trivial, description of
K(n).K(Z/p',j) for positive i and 0 < j < n.

Justin Noel

On the Morava K-Theory of Some Infinite Loop Spaces



The State of the Art Now

K(n)-homology of Eilenberg-MacLane spaces Il

Theorem (Ravenel-Wilson)

There is an elegant, although non-trivial, description of
K(n).K(Z,j) for0 <j<n+1.

There is an elegant, although non-trivial, description of
K(n).K(Z/p',)) for positive i and 0 < j < n.

Theorem (Hopkins-Ravenel-Wilson)

Suppose E is a spectrum with finite homotopy, then

K(n).(QXE) = ®K (K (miE,i).
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